
5 SUSY QCD Part I

5.1 Symmetries and Group Theory

F chiral supermultiplets (named after the fermion)

Qi = (φi, Qi, Fi), i = 1, . . . , F (5.1)
(5.2)

in the N of SU(N) and F chiral supermultiplets

Qi = (φi, Qi, Fi) (5.3)

in the N. Note is part of the name not conjugation

Q†
i = (φ∗i , Q

†
i , F

∗
i ) (5.4)

Q
†
i = (φ∗i , Q

†
i , F

∗
i ) (5.5)

The matter content can be summarized as:

SU(N) SU(F ) SU(F ) U(1) U(1)R
Q 1 1 F−N

F

Q 1 -1 F−N
F

The superpotential is W = 0. Since the R charge doesn’t commute with the
SUSY generator:

[R,Qα] = −Qα, (5.6)

we have Rψ = Rφ − 1, Rθ = θ, and Rλa = λa. Chiral supermultiplets are
labeled by the R charge of the scalar component.

Recall the following Group Theory results:

(T a
R)ml (T a

R)ln = C2(R)δmn (5.7)
(T a
R)mn (T b

R)nm = T (R)δab (5.8)
d(R)C2(R) = d(Ad)T (R) (5.9)

T ( ) =
1
2
, T (Ad) = N (5.10)

C2( ) =
N2 − 1

2N
, C2(Ad) = N (5.11)
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for the fundamental representation N:

(T a)lp(T
a)mn =

1
2
(δlnδ

m
p − 1

N
δlpδ

m
n ) (5.12)

Since we can take linear combinations of U(1)R and U(1) we can choose
Qi and Qi to have the same R charge. For the U(1) not be to broken by
instantons we must have:

T (Ad) + (R− 1)T ( )2F = 0 (5.13)

so

R =
F −N

F
(5.14)

5.2 Renormalization Group

At tree-level we saw that the gauge coupling and the quark-squark-gluino
Yukawa coupling were related: Y =

√
2g. What happens when the couplings

run?
The β function for the gauge coupling is

βg = µ
dg

dµ
= − g3

16π2

(
11
3

T (Ad)− 2
3
T (F )− 1

3
T (S)

)
= − g3

16π2
(3N − F ) (5.15)

In the notation of Machacek and Vaughn [2] the Yukawa β function in
a general renormalizable gauge theory is given by:

(4π)2βaY =
1
2

[
Y †

2 (F )Y a + Y aY2(F )
]
+ 2Y bY †aY b

+Y b TrY †bY a − 3g2
m{Cm

2 (F ), Y a} (5.16)

where Y a
ij is the Yukawa coupling of real scalar a to fermions i and j,

Y2(F ) = Y †aY a , (5.17)

and Cm
2 (F ) is the quadratic Casimir of the fermion fields transforming under

the m-th gauge group. Thus the first term in Eq. (5.16) represents scalar
loop corrections to the fermion legs, the second term 1PI corrections from
the Yukawa interactions themselves, the third term fermion loop corrections
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to the scalar leg, and the last term represents gauge loop corrections to the
fermion legs.

(4π)2βaY =
√

2g3(C2( ) + F + 2C2( )− 3C2( )− 3N)
= −

√
2g3(3N − F )

=
√

2(4π)2βg (5.18)

There is also a relation between the gauge coupling and the D term
quartic coupling λ = g2.

Da = g(φ∗in(T a)mn φmi − φ
in(T a)mn φ

∗
mi) (5.19)

and the potential is:

V =
1
2
DaDa . (5.20)

The β function for a quartic scalar coupling at one-loop in a general
renormalizable field theory is given by [2]:

(4π)2βλ = Λ2 − 4H + 3A + ΛY − 3ΛS , (5.21)

where Λ2 corresponds to the 1PI contribution from the quartic interactions
themselves (not to be confused with a mass scale), H corresponds to the
fermion box graphs, A to the two gauge boson exchange graphs, ΛY to
the Yukawa leg corrections, and finally ΛS corresponds to the gauge leg
corrections. Note that individual diagrams renormalize the gauge invariant
(SUSY breaking) operator: (φ∗niφni)2. However the β function for this
operator vanishes and the D term β function satisfies

βg2 = 2gβg (5.22)

So SUSY β functions are not anomalous at one-loop, and the relations be-
tween couplings are preserved at all scales.

5.3 Quadratic Mass Divergence of the Squark

Calculate the one-loop self-energy corrections for the squark:
Squark loop:

−ig2(T a)ln(T
a)ml

∫
d4k

(2π)4
i

k2

=
−ig2

16π2
C2( )δmn

∫ Λ2

0
dk2 (5.23)
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Figure 1: Squark loop

Figure 2: Quark-Gluino loop

Quark-gluino loop:

(−i
√

2g)2(T a)ln(T
a)ml (−1)

∫
d4k

(2π)4
TrPL

i

6 k
PR

i

6 k

=
4ig2

16π2
C2( )δmn

∫ Λ2

0
dk2 (5.24)

Squark-Gluon loop:

Figure 3: Squark-Gluon loop

(ig)2(T a)ln(T
a)ml

∫
d4k

(2π)4
i

k2
kµ(−i)

(gµν + (ξ − 1)kµkν

k2 )
k2

kν

=
ξig2

16π2
C2( )δmn

∫ Λ2

0
dk2 (5.25)
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Figure 4: Gluon loop

Gluon loop:

1
2
ig2

{
(T a)ln, (T

b)ml
}

δabgµν
∫

d4k

(2π)4
i

k2
(−i)

(gµν + (ξ − 1)kµkν

k2 )
k2

=
−(3 + ξ)ig2

16π2
C2( )δmn

∫ Λ2

0
dk2 (5.26)

Thus the quadratic divergence cancels!
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